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Part V fills the same blanked-out block — each
method relaxing parallel trends further.

510 gave clean control weight 1.

loday: which controls, and how much?
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The board doesn't want the average — it wants
Northgate

The board wants the effect on Northgate — one whole-market launch
DiD averages over a cohort; here there is a single treated market and 15 never-treated donors
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BeanBuzz market panel. Bold = Northgate (M17); grey = the 15 never-treated donor markets. We must BUILD a contro

S10 answered “what's the app worth on average?” The board now asks a different
question: what did it do to Northgate — our flagship, market M17, the largest, seven
stores, go-live week 53.
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One treated unit breaks the DiD machinery

DiD needed a cohort — many units launched at similar times, so parallel trends could
lean on an average and a comparison pool.

Northgate is one unit. Its pre-trend is mostly noise; there is no cohort to average over.

The single-unit problem

With one treated market and no cohort, “do the treated and controls move in parallel?” has nothing to discipline it.
We need a different way to build the counterfactual.

To be clear, the number is not the problem: a plain 2x2 DiD on Northgate already

gives +7.7% (true +8.3%). What fails at N = 1is defending it — no cohort, no clustered
inference, no pre-test power.
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A weighted control is a synthetic unit

DiD and synthetic control differ in one choice —
the donor weights. That flips the direction the
missing Y (0) is imputed from:

e DiD: every clean control gets weight 1. It projects
the treated unit forward in fime on the donors’
common trend — a horizontal borrow.

e Synthetic control: solve for a convex blend w (nhon-
negative, summing to 1) that tracks the treated unit
pre-launch. Each missing cell is a weighted column
of donors — a vertical borrow.

The blend is a synthetic Northgate — a fictional
market from real donors, standing in for the one we
can't observe.

Same missing block — the imputation direction flips

DiD — borrow along TIME (horizontal)

treated unit projected forward on the donors' common trend

donor

donor

donor

donor

1
time —

Synthetic control — borrow across UNITS (vertical)

a weighted convex blend of donors, within each period

donor

donor

donor

time —
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Building a Synthetic Unit
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Match the pre-period, not the covariates alone

Abadie-Diamond-Hainmueller's objective: choose donor weights w to make the
synthetic unit's pre-treatment outcome path track the treated unit's. (Abadie,
Diamond, and Hainmueller 2010)

mm Z (Ytre8Lt ij donor) s.t.ow; >0, ) w;i=1

t<Ty

The constraints make w a point in the simplex — non-negative, summing to 1.
Convexity = no extrapolation: the synthetic unit stays inside the donors’ range.
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California’s tobacco tax: the textbook fit

When the pre-fit is clean, the gap IS the effect

Abadie's California tobacco study: synthetic California tracks the real state almost exactly before 1988

120

-
o
o

Cigarette sales per capita (packs)

80 —
=
~
60 California
40 Synthetic California

1970 1980 1990 2000
Year
tidysynth::smoking. Pre-period RMSPE = 1.79 packs; post-1988 average gap = -18.7 packs.

Abadie's original case: California’s Proposition 99 (1988). Synthetic California — o
blend of other states — tracks the real state almost exactly before the tax (pre-
RMSPE = 1.8 packs). (Abadie, Diamond, and Hainmueller 2010, 2015)
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The gap plot reads the treatment effect off

The gap plot reads the treatment effect straight off

Treated minus synthetic: flat at zero before 1988, widening negative after

-
o

N
(@}

California — synthetic (packs)

1970 1980 1990 2000
Year
The grammar we reuse on Northgate: flat pre-gap — trust the post-gap.

Subtract synthetic from real and plot the gap. Flat at zero before 1988 (the fit was
clean); it opens to = cigarettes/capita after — the effect of the tax.
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Northgate doesn't fit as cleanly as California

Real business panels rarely fit as cleanly as California

Synthetic Northgate wobbles around the real series even before launch — an imperfect pre-fit

12.3
Northgate

Synthetic Northgate
12.2

log weekly revenue
N

12.0

e §

Week
BeanBuzz market panel; pre-period RMSPE = 0.070 (vs Prop-99's near-perfect fit).

75

100

Same recipe, harder unit. Northgate is the largest market — at the edge of the donor
convex hull. No blend of smaller donors reaches its level: the dashed synthetic sits

persistently below before launch.
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An imperfect pre-fit inflates the estimate

An imperfect pre-fit leaks into the estimate
The pre-period gap is not flat — so the post-period gap is inflated above the truth

0.20

I post-launch avf§j ga
1
, =+ 5.2% (true

0.05

Northgate — synthetic (log points)
o
o

0.00

]
0 25 50 75 100
Week

Classic ADH synthetic control overshoots the true +8.3% Northgate effect.

The pre-gap isn't flat — it sits at Eei:¥4 (pre-RMSPE = 0.070). That offset leaks
straight into the post-gap:
+15.2% = pre-offset +6.8% + true effect +8.3%
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Read the weights: which markets, how much

You can name the market that builds the synthetic
Classic SC donor weights w — the fit collapses onto a single donor (M29)

0.0 0.3 0.6 0.9
weight w

The blend is maximally sparse — one donor (M29) carries essentially all the weight,
the rest sit at zero. That single weight vector is still a row describing how to rebuild
one unit from the others (a seed for the matrix view later).
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Donor hygiene decides what the weights can mean

A synthetic unit is only as good as its donor pool. Three hygiene rules:

e Convex hull. The treated unit must be spannable by donors. Northgate barely is — that's the
+6.8% offset.

e Plausible donors. Drop markets that are structurally unlike the treated unit; a good numerical
fit on irrelevant donors is a mirage.

* No spillover (SUTVA). A donor contaminated by the treatment (e.g. a neighbour that also
adopted) is not a clean control. (O'Riordan 2025; Di Stefano-Mellace 2024)
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Inference
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No standard error — so permute the donors

Is +15.2% distinguishable from noise? With one treated market and one realized path,
there is no sampling distribution — no classic standard error. Abadie’s answer is a
randomization test. (Abadie, Diamond, and Hainmueller 2010, 2015)

Placebo-in-space, three steps:

1. Reassign treatment to each donor in turn (fake launch, week 53); re-run synthetic control -
its gap path.

2. Score each unit by its MSPE ratio — post-period + pre-period mean-squared gap.

3. Rank by that ratio: Northgate's rank + number of units = the Fisher p-value.

Why the ratio, not the raw gap

MSPE = the mean squared gap between a unit and its synthetic. Dividing post + pre asks whether the gap grew after
treatment relative to the pre-fit — so a placebo whose synthetic never tracked it can’t top the ranking just by being

noisy.
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Northgate's gap stands out — but not
overwhelmingly

Pretend every donor was treated — how unusual is Northgate?

Biggest gap, yet rank 2 of 16 (p = 0.125): M29's tighter pre-fit wins the MSPE ratio
]

-0.25

Gap from own synthetic (log points)

-0.50

i
HAS

1
0 25 50 75 100
Week

Northgate's gap is the biggest, yet it ranks 2 of 16 (Fisher p = [0/s); fit-filtered 2 of 15, p = 0.133).
The test scores by MSPE ratio (post + pre), so M29's near-perfect pre-fit outranks Northgate's

bigger-but-noisier gap — not a larger effect.

Honest reading: with 15 donors and an imperfect fit, single-unit SC inference is
fragile. Corroborate across methods — don’t hang the decision on one p-value.
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Modern SC ships a real prediction interval

The placebo test asks “is it extreme?” Newer theory asks the sharper question: how
uncertain is the counterfactual itself? (Cattaneo et al. 2025)

The synthetic counterfactual is Yt(o) =) j w; Yiji. Its prediction error has two

sources: in-sample — the weights & are estimated on a finite pre-period — and out-
of-sample — irreducible noise in predicting a future path.

What scpi reports

A (1 — «) prediction interval for the counterfactual Yt(o) — bounding the in-sample error and modelling the out-of-

sample noise. Read the effectas 7, = Y,°> — ﬁ(o): the actual above the whole band means 7, > 0. A band for Y(0),
not a sampling SE for the point.
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Actual above the band = a positive effect

Modern SC ships a real prediction interval

scpi: the honest effect band is [+6.1%, +10.1%] — around the truth, below the naive classic point

12.3
Northgate (actual)

12.2

121

log weekly revenue

12.0

Synthetic + scpi prediction band =N - /

60 70 80 20 100
Week (post-launch)

scpi (Cattaneo et al. 2025). Prediction band for the counterfactual; the actual sits above — a positive effect.

Orange dashed = the synthetic counterfactual ?(0); orange band = its scpi prediction interval (for

Y (0)); teal = Northgate's actual path. The gap between them is the effect: the honest effect band is
[+6.1%, +10.1%], near the true +8.3% and well below the naive =+15% point. The actual sits above the

band = a positive effect, and the naive point was overconfident.
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Augmented SC
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If you can't fit inside the hull, correct outside it

Northgate is outside the donors’ hull, so
no convex blend reaches it — the +6.8%
offset. Augmented SC adds a ridge
outcome-model correction that steps
outside the simplex just enough. (Ben-
Michael, Feller, and Rothstein 2021)

e SCM (classic SC) — on the hull boundary, the
closest it can get.

= |n convex hull

= Dut of convex hull

e Ridge ASCM (augmented) — steps outside ey s iy

toward the treated unit.

. . .« S : Ben-Michael, Feller & Rothstein (2021
e Uniform (D|D dverqge) — deep inside; the path ource: Ben-Michael, Feller & Rothstein ( )

runs green (in simplex) = red (in hull) = blue (out
of hull).
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Augmented SC = outcome model + residuals

Correct the classic weights’ leftover pre-period imbalance with an outcome model

AN

m(X): (Ben-Michael, Feller, and Rothstein 2021)

),aug ZASC g ( ZASC ~ )

&\/—/ N -
classic SC 1mbalance correction
- Asc
= 1 T E Yir — m(X z))
outcome model W,

SC—rewelghted residuals

e Doubly robust: consistent if either the SC weights balance the pre-period or m is correct.

 Ridge outcome model: m(X) = 1y + X'n,, penalty A by CV — the weights may leave the simplex,
the ridge curbs extrapolation.
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Augmented SC pulls the overshoot toward truth

Augmented SC corrects the fit — and the estimate
The ridge correction lifts the counterfactual, pulling the effect from +15.1% to +8.1% (true +8.3%)

12.3 .
Northgate (actual) :
I
Classic SC counterfactual (— +15.1%) I
I
12.2 1
g Augmented SC counterfactual (— +8.1%) I
5 ' ‘-
o ot T .
> I~ \ ~ ."‘_I
=121 ', N . , !
@ al A \ . R
D i~ \ - v
= . -~ > -/
8 ] \ 7 N
12.0 ! \ /
: v \rs
\ \ 1 I Yy oa I
\' \/ 1 7 ‘/
] \ A\ 1 Vo v
N 1
11.9 !
0 25 50 75 100
Week

augsynth ridge ASCM (Ben-Michael et al.). A worse-fitting classic synthetic over-states; the correction restores it.

Closing the pre-fit (offset = 0.000) collapses the overshoot: augmented SC = BERA, 95% Cl [+7.6%,
+8.6%] — essentially the true +8.3%. Classic +15.2% > augmented +8.1%.
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Fit is a diagnostic, not a verdict

A great pre-fit feels like proof. It isn't — fit is necessary, never sufficient.

The Ferman caution

Overfitting the pre-period = an unbiased counterfactual. With many donors and a short pre-period you can drive the
pre-fit to zero and still be biased — the weights fit noise, not structure. (Ferman and Pinto 2021)

So report three things, never one

1. The fit — pre-period RMSPE / gap plot (necessary, not sufficient).
2. An interval — scpi band or placebo p-value (how uncertain?).

3. Cross-method agreement — do augmented / SDID / DiD concur?

This is the discipline S10 demanded — “corroborate with synthetic control.” The
honesty rule: a point estimate without a band is not a finding.
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Synthetic DiD
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DiD weights time; SC weights units

The two methods we've used weight different axes of the same panel:

e DiD weights time: it gives every clean control unit weight 1, and identifies off the common
time trend (the period effects).

e Synthetic control weights units: it solves for donor weights w, and gives every pre-period
equal weight.

Each fixes one axis and optimizes the other. The obvious question: why not weight
both?
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Synthetic DIiD weights both axes

Arkhangelsky et al.'s synthetic difference-in-differences: solve for unit weights w and
time weights ), then run a weighted two-way DiD — three corners of one family.
(Arkhangelsky et al. 2021)

Three corners of one design: reweight units, time, or both

DiD Synthetic control Synthetic DiD
rol, every period: equal weight weight UNITS; all pre-periods equal weight UNITS and TIME

units
units

time — time — time —

Robust to both failure modes

e w (like SC) matches donors to the treated unit = robust to non-parallel trends.

e )\ (new) up-weights pre-periods that resemble the post-period = robust to an imperfect pre-fit. It needs neithera
perfect SC fit nor exact parallel trends.
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DiD, SC, and SDID are one weighted regression

Synthetic DiD is a two-way fixed-effects regression with the squared errors

reweighted by w; Ay

N T
~ ) ~ o~ A . 2/\ -
(TSdZdaNaaaﬁ):al"g min S‘(Yit_“_ai_ﬂt_DitT) Wi Ag
s =

1 intercept - a; unit (market) effects - §B; period (week) effects - D;; = 1 for the treated market post-launch - 7 the ATT

Estimator Unit FE (a) Weights on the squared errors

DiD yes uniform w, uniform A (drop out) = plain TWFE
SC omitted unit weights w only; uniform A

SDID yes both w and A

All three keep the period effects §; — DiD’s “time"” leverage (the common trend), not a
time weight. They differ only in whether the unit FE «; is kept and which of the

weights w, A are non-uniform.
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SDID lands near the truth on Northgate

Synthetic DiD reweights BOTH units and time

Unit weights w Time weights A
A sparse synthetic Northgate: a few donor markets carry it Concentrated on the most informative pre-launch weeks

M29
M31
M34
M39
M40
M15
M21
M19
M32
M35
M08
MO7
M13
Mo2
MO1

0.15

0.10
) |‘ ‘ |
0 10 20 30 40 50

weight
(@2}

o

o
o
S
S

0.025 0.050 0.075
weight Pre-treatment week

Northgate's unit and time weight vectors — now we know what they buy. Synthetic DiD =
(true +8.3%); plain DiD = +7.7%. Both near the truth, without a perfect SC fit.
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Watch SDID stay parallel where classic SC drifts

12.0

1.0

12.3

122

log weekly revenue

Same three estimators as trajectories: treated
Northgate (dark) vs its synthetic control (cyan);
the effect is the arrow after week 53.

e SDID (bottom): the A ribbon marks the pre-weeks
where the two lines are forced parallel > a short,
well-anchored arrow (+7.9%).

e Classic SC (middle): the synthetic can't close the
level gap = a longer arrow (the +15.2% overshoot).

e DiD (top): matches the frend, not the level — it leans
entirely on parallel trends.

That sparse A ribbon is the same time-weight vector you
saw as bars — now as the pre-window that makes the

lines parallel.
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The family converges on ~+8%; classic SC stands
alone

Classic SC overshot — the family pulls it back to the truth

One treated market, four estimators: the modern corrections converge near the true +8.3%

. +15.2%
Classic SC (ADH) 1 ]
1
1
+8.1%%
Augmented SC F.I“
]
+7.9°4'(o
Synthetic DID —
1
]
+7.7%I
DD (2-way) ; - :
+8.3%
True effect
]
0 5 10 15

Estimated effect on Northgate revenue (%)
95% Cls: placebo permutation (SDID, DiD), augsynth (augmented). Classic SC = peint (its placebo Cl is uninformative).

Classic SC +15.2% is the lone outlier; augmented +8.1% - SDID +7.9% - DID +7.7% all
cluster on the true .

Methods that fail in different ways agreeing is the verdict the single placebo p-value
couldn’t give — the honest answer is ~+8% with a band, not fifteen.
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Each method buys an assumption — stacked, they're
one matrix

Family What it buys What it costs

Parallel-trends family Additive, transparent, cheap; Blind to a unit-specific, time-varying

S10 — DiD, CS, BJS borrows strength across a whole factor: needs a credible cohort and
cohort. testable pre-trends.

Hull + loadings Relaxes parallel trends; builds a unit- Needs the treated unit inside the

S11 — SC, augmented SC, specific counterfactual that works at  donor hull and a non-overfit pre-fit;

SDID N =1. single-unit inference is weak.

The S12 reveal — planted here

Stack w and )\ as rows and you're completing a low-rank matrix — the same latent factors S10 could not see. S12: DiD,
SC, SDID and unconfoundedness become one matrix-completion problem under different regularizers.
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One treated unit was the easy case

Every estimator here weighted donors to build a counterfactual for one unit at one
adoption date. Scale that up and the weighting paradigm answers by multiplying
bookkeeping.

Many units — one date Staggered dates

A synthetic control per unit (then Split into adoption cohorts, solve an N =
average), or one fit to their average? 1 fit per cohort in event fime, then

The honest default is partial pooling — aggregate — SC's Callaway-Sant’Anna
a dial between the two. analog, with one rule: never borrow from

an already-treated unit.

Why S12 exists

This scales by adding bookkeeping — and still can’t represent a unit switching off. Impute the whole Y(0) matrix
instead: matrix completion fills every grey cell from one low-rank structure, absorbing many units, staggered timing,

and reversal natively.
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